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ABSTRACT: The topology of surface plasmon polariton fields
(SPPs) with orbital angular momentum (OAM) is characterized by
the winding numbers of the phase singularities in the field, also
known as topological charges. Using theoretical expressions for the
surface plasmon fields, we identify the phase singularities as points
where the field is zero and investigate their properties for both
integer and noninteger, or fractional, orbital angular momentum.
The phase singularities act as vortex centers for the rotating fields.
We analyze the behavior of the vortex—antivortex pairs and the
breakup of the central vortex and discuss their influence on the
measured topology as the orbital angular momentum changes from
one integer value [ to the next | +1 via the fractional states. Our
work highlights the fact that measures of the topological charges do
not always equate with the orbital angular momentum and shows how the topology can change discontinuously, even though all of
the parameters controlling the fields change smoothly.
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1. INTRODUCTION fields (SPPs) with integer and fractional orbital angular
momentum (OAM), focusing on the phase singularities in

Optical fields with orbital angular momentum may exhibit
the field that characterize the topology. The phase is a

vortex structures,' ® that have been studied for both

theoretical interest”” and for potential applications.””"* The parameter of the field that can be represented in a particular
center of the vortex beam contains a phase singularity where space, such as a point on the unit circle, as we discuss below.
the field amplitude is zero and around which the phase Parameter spaces with the same topology can be smoothly and
accumulates in multiples [ of 2z This phase singularity is continuously deformed into one another, whereas those with
purely topological in nature, and the number of times the different topology require catastrophic breaking or “surgery” in
phase wraps around the singularity is the topological charge.15 order to match.?® Such properties are observed in many

Surface plasmon polaritons propagating on metal surfaces physical systems, such as the induced magnetic field from a
can also possess orbital ?2;{;11“ momentum, which have been current in a wire that depends on the topology of two linked

investigated theoretically and demonstrated experimentally

using near-field scanning optical microscopy.'®'” More

recently, it was shown that the dynamics of surface plasmons

with integer orbital angular momentum can be imaged using

an optical pump—probe method.””*' Excitation of surface

plasmons from a spiral boundary results in a plasmon vortex

whose dynamics can be reconstructed from a time sequence -

obtained by adjusting the pump—probe time delay. Received: July 19, 2023 (Phistonics
The property of integer orbital angular momentum can be Published: September 26, 2023 3

extended to fields with noninteger, or fractional, orbital angular

momentum, which exhibit a complex structure of phase

vortices indicative of a complex underlying topology.””~*° In

this paper, we study the topology of surface plasmon polariton

curves, one being the magnetic field lines and the other the
current loop forming them, as noted by Gauss.”” In this regard,
the shape of the parameter space is less important than its
internal connectivity, whereby the singular points, or holes,
play an important role.
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Figure 1. Magnitude and phase profiles of the Z component of the SPP fields with different integer OAM L = I. The magnitude is normalized to 1,
and the phase is encoded by the hue. The SPP magnitude is zero at the boundaries across which the phase changes by 7. (a) I =1, (b) I =2, and (c)
I = 3. The dashed line in panel (b) represents a closed path for determining the topology.

These singular points characterize the underlying topology
by dividing it into different regions and have a global influence
on physical behavior.”® As such, we examine the regions where
the SPP field becomes zero and use techniques of topology to
analyze them as the fractional state of the OAM is varied. In
particular, we investigate how the topological charge of the
SPP fields changes from one integer value to the next, in an
apparent discontinuous fashion, even though the OAM
changes smoothly through fractional values. We begin with
an analysis of SPPs exhibiting integer orbital angular
momentum and show how the topology controls the observed
behavior of the fields. We then apply this understanding to the
situation where the SPPs are excited with noninteger, or
fractional, OAM and show how the concepts of topology carry
across.

2. RESULTS

2.1. Integer Orbital Angular Momentum. SPPs with
orbital angular momentum can be formed on metal surfaces
using a variety of techniques."®***>*® One method involves
circularly polarized light incident on a groove etched or milled
into the metal surface in the form of an Archimedean
spiral,””* with a radius that varies with polar angle ¢ as R =
Ry + n¢p/a, where a is the SPP wavenumber. The rotating
electric field of the incident light progressively excites SPPs
normal to the direction of the groove that propagate toward
the center of the spiral, with a phase related to both the radial
distance from the spiral center and the phase of the light at the
moment of excitation. If the spiral radius increases by an
integer n of SPP wavelengths over a full 2 angle, i.e., by nd,,
then all of the waves are excited with well-defined relative
phase and develop an orbital angular momentum L
characterized by the integer | = n + s, where s = +1 is the
helicity of the incident light. (In the following, we will always
represent angular momentum by an integer or a real number.
This is equivalent to choosing units where # 1.)
Mathematically, the electric field thus created on the surface
of the metal can be written in cylindrical coordinates (r, ¢, z)*"

5(r, ¢) = "1 (ar) 1)

with a the wavenumber of the SPP and J,(x) a Bessel function
of the first kind, and we only consider the fields on the surface
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at z = 0. The field has a time dependence e that we do not

show. The electric field is then given by
E(r, ) = Eqazy(r, )2 + Eg—r=lg,, (r) $)¢7

N
= 2,(r, )e*] Q)

The unit vectors ¢+ = (& + ifi)/ J2 are associated with left
and right rotations and E, is an amplitude. For SPPs excited on
thick metal films by light of frequency @ or wavenumber k =

w/c, the in-plane SPP wavenumber is*>**
€€
a=k |—mb

and y* = &* — ¢, k* with metal relative permittivity €,, adjacent
to a dielectric of relative permittivity €. In eq 2, we observe
that the electric field naturally divides into three terms with
different OAM, as indicated by the terms y; and y;,,. That the
in-plane field components express different OAM states is due
to a geometric phase term arising from the change in
orientation of the boundary normal with position. For
simplicity, we consider only the z field components normal
to the surface although all considerations apply to the other
components.

Figure 1 shows the magnitude of the normal component of
the SPP field and the phase for three different OAM, calculated
using eq 1. The SPPs propagating from the boundary and
interfer'n§ produce a phase structure equivalent to an optical
vortex.””>* For | > 0, the characteristic features of SPP fields
are as follows: they become zero at the center of the spiral and
have a phase that changes by 2zl as we follow a closed path
around the central zero. At this zero point, the phase is
undefined, which represents a singularity in the phase
parameter space. We also observe that the field becomes
zero in rings at certain radii across which the phase changes
abruptly by 7.

The field of topology is concerned with the properties that
remain fixed under smooth deformations of the underlying
geometry. One of the methods for identifying the topology of a
particular space in two dimensions is to consider closed loops
(or surfaces and hyper surfaces in higher dimensions) and how
these can be translated and deformed over the surface.””*> A
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Figure 2. Three directed contours (L;, £,, £;) in the plane of the SPP field, with | = 2, mapping the phase onto unit circles (shown in blue) of the
parameter space. The dashed lines around the blue circles represent the paths in parameter space, all three of which are topologically distinct. Loop
L, spans one loop in real space but maps to two connected loops in phase space. Contour £, passes through the singular point, which appears as a
broken path marked by X. The white arrow in the real space represents how the contours might be transformed into one another.

typical example of two different topologies is those of a sphere
and a torus. It is impossible to smoothly deform a sphere into a
torus without breaking it. Moreover, any closed loop on the
surface of the sphere can be deformed into a point, whereas a
closed loop that runs around the edge of a torus cannot. The
center “hole” in the torus acts like a singularity that prevents a
continuous smooth deformation.

In the following, we study the topology of the space that
represents the phase @ of the SPP field. Parameters in this
space are represented by points on the unit circle, where the
phase maps onto the polar angle that locates the point. The
phase can also be represented by a complex number z = ¢® =
¢, as evident from eq 1, or equivalently by a unit vector ¥ =
% cos @+ j sin O with a direction determined by the phase. As
we traverse a path in real space, we map each phase there onto
the unit circle, i.e., map the phase from real space onto its
parameter space. It is the topology of the resulting path in the
parameter space that is important.

2.1.1. Phase Singularity. At the center of the SPP wave
field, there is a phase singularity, sometimes referred to as a
vortex. The phase sin§ularity can be thought of as a defect in
the parameter space’® because the value at this point is
undefined and therefore is not an element of the parameter
space. A contour in real space around the singularity maps
onto the unit circle in parameter space, and it covers this space
I times. The phase on this circle is an element of the two-
dimensional (2D) proper rotation group SO(2). An example is
shown by contour £, in Figure 2. Translations or distortions of
the contour in real space (represented by the white arrow in
Figure 2) do not change the loop in parameter space until the
contour crosses the singularity. At that point, the mapping
breaks down (Z£,), and the continuous loop in parameter
space breaks at a point. Once the singularity is no longer
encircled by the contour, the loop in parameter space winds
back on itself (L;).

The two contours L, and L, in parameter space are not
homotopic in that they have different topologies. This is
obvious from the fact that they wind around the parameter
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space a different number of times. The topology of the field in
the vicinity of the singularity is characterized by this winding
number (also referred to as the topological charge or vorticity),
which measures the number of times the path loops around the
parameter space (e.g, twice for L, and zero for L;). The
winding number can be obtained from a mapping from the
path in real space to that in parameter space by integrating the
phase gradient around the singularity

1 0D
q=_= 515 —dp
2 J dp 4)

This integral will yield the integer value for the orbital angular
momentum of the SPP field. For example, the phase of the
normal component of the SPP with integer OAM L = close to
r=0is @ = Il¢h, as in eq 1. Writing p = ¢, then trivially 0®/d¢
= I, and the integral over 27 results in q = . In this way, the
OAM of the SPP field is synonymous with the topological
charge of the phase singularity, and therefore, SPP fields with
different OAM are topologically distinct. From this observa-
tion, we note that the three electric field components in eq 2 in
directions z, ¢*, and ¢~ are also topologically distinct because
they are associated with different OAM integers [ and therefore
different topological charges or winding numbers.

Before we leave this section, it is useful to introduce the
concept of combining paths in real space. Two adjacent paths
can be joined by a smooth transformation that brings one or
more points on one path into contact with another, thereby
allowing both paths to be traversed in turn. Such an operation
results in paths having a group structure.”®** Furthermore, the
winding numbers associated with each path then simply add
together. We use this property when considering singularities
created by fractional OAM.

2.1.2. Phase Rings. In the SPP OAM fields, we observe
rings where the field is zero and across which the phase
changes by 7. These are located at radii where the Bessel
function in eq 1 passes through zero, Ji(ar) = 0. On such rings
(which we refer to as “phase rings”), the phase is again
undefined. Unlike the singular points at the center of the
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Figure 3. SPP field magnitude and phase as the parameter controlling the gap in the Archimedean spiral increases from (a) v =2 tov =3 and (b) v

=3tov=4

vortex, these phase rings are topologically trivial in that they do
not influence the topology of the parameter space. To see this,
consider two loops encompassing the central vortex: one loop
just inside a phase ring and another just outside it. It is obvious
that integrating the phase change around each loop yields the
same winding number g = ], proving that the phase ring has no
influence on the topology and that the phase ring itself has zero
topological charge g, = 0. When we study fractional OAM, we
will find that the phase ring breaks up into an equal number of
phase singularities such that the total topological charge
remains zero.

2.1.3. Central Zero-Field Region. The last feature of interest
in the SPP field with integer OAM is the region close to the
center where the field magnitudes are very small. The size of
this region increases with increasing I, as observed in Figure 1.
This property has a simple explanation in terms of the SPP
wavelength A,, = 27/a. The SPP field with integer OAM L = |
consists of a wave with | wavelengths in a circle about the
origin. This wave can exist only in a region of critical radius r,
such that the distance around the circle is equal to the number
of wavelengths 2zr. = IA,, or ar. = L. As the radius r < r,
becomes much smaller than r,, it becomes increasingly difficult
to compress [ waves around the circle, resulting in wave crests
and troughs overlapping, causing the field strength to weaken
and eventually become zero. Such behavior is characterized by
the Bessel function J; (ar) that has a value significant only
when ar % I, and it reaches its first maximum after ar > . This
property is also important when considering the fracturing of
the phase ring with noninteger OAM.

2.2. Fractional OAM. Surface plasmon polaritons with
noninteger, or fractional, OAM can be created by modifying
the gap in the Archimedean spiral to have a length equal to a
noninteger v — s number of wavelengths.”” Under this
condition, eq 1 can be generalized following the method of

Berry,” which takes the form of an infinite series (derived in
the Supporting Information)

A, )= Y a,w)e"] (ar)
P— (%)
where
¢ sin v
o) = z(v — n) (6)

In this equation, we have rotated the coordinate system so that
¢' = ¢ — n/2, which removes a factor (—i)" from the definition
of a,(v). That the wave field can be expressed as a series of
integer OAM states is not unexpected, but this also has its
origin in topology. Only those wave components with phases
that change about the origin by an integer number of 27 can
exist, which is expressed exactly in the series in eq S. Such a
decomposition has been observed recently in time-resolved
experiments of SPPs with fractional OAM.*® The vector
electric field of the SPP on the metal surface at z = 0 takes the
form

E(rr ¢/7 Z) = anﬂu(rr ¢/)2

i N\ A— 7\ A
+ By AT, 4007 + A, () 2]

(7)

in direct analogy with eq 2. For v = I, an integer, it can be

shown using a limiting process that sin Iz /(I — n) is nonzero

only when n =, giving 4; (I) = 1 and a,. (I) = 0, which leaves

the nonzero term as the Bessel function and phase
Ar, ¢') = )(1(7‘) @) = eilqy]l(ar) as before.

The representation of A,(r, @) in eq S is a linear

combination of integer angular momentum functions with
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expansion coefficients a,(v). These expansion coefficients are
normalized such that

S sin’ vr — 1
Zw = Zw w-ny (®)

since >,(v — n)™? = 7*/sin’ 7w is a series representation of
n* cosec* rv. Therefore, we can think of the expansion
coefficient a,(v) as the probability amplitude to find a surface
plasmon with integer angular momentum n. The coefficient
also obeys the useful relation a,(v + 1) = a,;,(v).

The relationship between the Archimedean spiral parameter
v and the orbital angular momentum can be derived by
applying the angular momentum operator L =—i0/d¢ to each
field component, as discussed in the Supporting Information.
The result is

oo

L= Z nla, (V)] =

n=—oo

sin 27y

2 ©)
where we have included an intermediate result showing that
the total fractional OAM is just the sum of the integer angular
momentum #n of each individual state weighted by the
probability la,(v)I* that they are exc1ted This relation has
been verified for SPPs in experiments®® and is the same for
optical beams with fractional OAM, which has also been
measured experimentally.37 When v = [ is an integer, this
equation reduces to the result for the integer OAM as required.

The behavior of the SPP field with changing fraction v is
complicated.”® For simplicity, we consider only the 2
component of the SPP field as the other two components
display similar behavior. The magnitude and phase of A,(r, ¢")
in the plane of the metal are shown in Figure 3 as the gap in
the Archimedean spiral (v — s) A, characterized by v,
changes from v = 2 to v = 4. We observe the splitting of the
central vortex into individual vortices, the breakup of the phase
ring into vortex—antivortex pairs (where an antivortex is
defined as a vortex with negative topological charge) with one
of the vortices tracking down from the phase ring toward the
center where it finally combines with the other central vortices.
This behavior is most clearly observed in a movie simulation,
available online for 0 < v < 6.1. In the following we consider
these behaviors individually.

2.2.1. Splitting of Central Phase Singularity. For integer
OAM v =, a single phase vortex with topological charge q =1
exists at the center of the Archimedean spiral. This phase
singularity is unstable in that a small perturbation to the field
will cause it to s })ht into [ individual singularities, as observed in
optical beams.'*® This splitting behavior can be demonstrated
using complex numbers to represent the field at each point in
the plane close to the origin. Let z = r ¢, so that a field y with
a singularity of topological charge I at the origin is given by y =
2. In the presence of a small field offset z, = lzgle'’s, where now
w =z — z,, the phase singularities shift to new positions z =

z¥/! or at a distance from the origin |z Y and at angles ¢ = ¢/1
+ 27m/ where 0 < n < 1. Thus, we have shown that a phase
singularity will split into [ singularities with topological charges
q = 1. In this regard, it is the sum of the topological charges
near the center of the spiral that equates to the OAM number 1.

Likewise, as v increases away from the integer value v > |,
the central phase singularity splits into ! individual singularities,
which is also due to the presence of additional fields, as we
now demonstrate. These additional fields arise from the
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sequence of integer OAM states that are mixed into the OAM
state ], as shown in the sum in eq 5. We estimate the effect of
these fields by considering a region close to the origin so that
ar < 1. Here, the Bessel function J,(ar) =~ (ar)"/2" n!. We
also let v = [ + 6v deviate from an integer I by a small amount
ov, which enables us to approximate the SPP field by

0 n

N o~ [10%4 <
A, ) v Sue ngm 2'n!(l —n + 6v) (10)
where z = ar ¢?’. Only three terms in this sum dominate for
small values ov. The denominator varies with 2" n! so that the
first two terms n = 0 and n = 1 are significant. Likewise, the
denominator term (I — n + v) is small when n = L. Thus, in
this approximation, the field with OAM L = |, represented by
2, is perturbed by a background field z° with no OAM and a
field z' with OAM L = 1. The phase singularities occur where

A,(r, @) = 0 or equivalently where z' + v, z + v, = 0 with v,

21_” 116v/(v — n). Since this is a polynomial of order , it has
at most [ roots or zeros, which is consistent with the total
topological charge. To see how the vortices are arranged about
the origin, we let z = zo + 5z, where z, satisfies z) + v, = 0, and

then writing (zy + 6z)' ~ z + | z 'z gives an approximate
solution
Iy,
z, ~

lv(gl—l)/leiﬂ(1+2m)/l —

(11)
There are | complex solutions, each labeled by an integer m
where 0 < m < |, that locate the topological charges near the
center of the vortex.

Our analysis shows that the total topological charge in this
region remains constant for small 6v and implies that the single
charge at the center is a sum of | individual charges. The
locations of the topological charges calculated by using eq 11
are compared with a full numerical solution of eq S in Figure 4,
which shows reasonable agreement, given the simplifications
employed. Thus, we find that the topology associated with a
small region that encompasses all of these central points
remains the same as before. A line integral around such a
region will again yield a winding number [ and a topological

charge g = |, although this property breaks down as v — [ + 1
@) 90 (b) 90
120 — .60 120 — .60
2.0 2.0
150// \\ 30 150/
180 \ 0 180 |
\ \
\ \
210 \\ / 330 210
240 300 240300
270 270
250523 —— 251223
3<v<33 3<v<33
4<v<43 4<v<43

Figure 4. Polar plots of the trajectories of the central vortices as v
varies over three different ranges: 2 < v < 2.3, blue curves; 3 < v <
3.3, green curves; and 4 < v < 4.3, red curves. (a) Calculation using
eq 11. The open diamonds points mark fractional values v — [ = 0.1,
0.2, and 0.3 with 0.0 at the origin. (b) Exact numerical solution of
A, (ar, ¢") = 0 with circles marking the calculated points. The solid
lines are guides for the eye. The rings mark the radii in units of ar.
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Figure 5. Angles at which the phase vortices appear on the first phase ring. (a) The graph of v(¢)) based on eq 15 for v = 2.2. The zero-crossings
locate the angles at which the vortices lie. (b) Calculation of the relative phase distribution for SPPs associated with v = 2.2. The white/black dots
locate the phase singularities with topological charge +1/—1 respectively. The dashed radial lines are at the angles associated with the zero-crossings
in panel (a) and the white dotted circle shows the location of the phase ring where J,(p,) = 0. The vortex labeled “bv” is the “birth vortex” that
tracks down to the center of the field increasing the topological charge there by 1. (c, d) Corresponding curves and phase distributions for v = 3.2
with the white dotted circle locating the phase ring where J;(p,) = 0.

as we show below. Importantly, we find that the combined
topological charge g = [in this region is no longer equal to the
OAM of the field, which now has the fractional value given by
eq 9. This implies that simply counting the winding number of
the phase about some region is not a good measure of the
OAM, except in some cases for integer values.

The above analysis also suggests that the locations of the
central vortices do not determine the fractional angular
momentum of the field. From eq 9, we note that the field
component with zero OAM, with an amplitude a,, does not
contribute to the fractional angular momentum since n = 0.
This implies that an additional field with zero OAM can be
added to the existing fields with no effect on the OAM.
Moreover, as we have shown, the presence of an additional
field causes the phase singularities to move apart, which
suggests that the fractional OAM is independent of the
positions of the central vortices, at least on the order of
approximations we have used.

2.2.2. Breakup of the Phase Ring. A key feature of the
transition from integer to noninteger orbital angular
momentum is the disruption of the phase rings. For the
integer OAM, these rings occur where the Bessel function J;
(ar) passes through zero and changes sign. The sign change
creates a phase flip across the phase ring. As discussed above,
the rings themselves carry no topological charge. However, for
a small deviation from integer v = v — I, the phase ring breaks
into 2(! + 2) individual vortices with alternating topological
charge such that they sum to zero. As we will show, the
number of vortices is determined by the number of OAM
harmonics that can exist in the location of the phase ring,
which depends on the OAM integer | and the wavelength of
the SPP, which in turn determine the size of the “dark” region
of the SPP field magnitude about the center.

We estimate the locations of the vortices that form from the
phase ring with increasing v using an approximation to
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A,(r, ¢') in the vicinity of the phase ring. For the integer
OAM, the ring is located at p, where ], (p,) = 0. We let v =1+
ov be close to the integer value [, where 6v < 1 as before. The
wave function is then approximately

oo

ﬂ,,(p, ¢/) ~ 6Ueil¢’+i6wr Z

m=—00

1 im¢)’
G —m m(P)

(12)

where m is the integer deviation from I The change in each
Bessel function around the point p, where J; (p,) = 0 can be
written to first order as J,(po) + (dJ,(x)/dx)l,, p, which
combined with a standard relation between the derivatives of

Bessel functions, leads to

o0

; - ov
A (p, N~ i(l+ov)x img
Ao, #) ~ e 2 )|

. 5_p[ ]
2
(13)

By definition, the term with m = 0 is zero because J; (p,) = 0.

iy i

51/—m—1_51/—m+1

We treat 6v and Jp as small, neglect all terms second order and

~
~

above in small quantities, and approximate ov — m = —m.
However, the terms with m = 1 must be treated separately
because the denominators cancel 6v in the numerator. Using
the relation between Bessel functions J,_;(p,) = (21/p,) J; (po)
— Jus(po) = ~Jia(pe), where Ji (po) = 0, combining terms
together, and noting that the phase singularities are located
where A, (p, + p, ¢') = 0, we obtain

https://doi.org/10.1021/acsphotonics.3c01024
ACS Photonics 2023, 10, 3772—3780


https://pubs.acs.org/doi/10.1021/acsphotonics.3c01024?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acsphotonics.3c01024?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acsphotonics.3c01024?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acsphotonics.3c01024?fig=fig5&ref=pdf
pubs.acs.org/journal/apchd5?ref=pdf
https://doi.org/10.1021/acsphotonics.3c01024?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

ACS Photonics

pubs.acs.org/journal/apchd5

Parameter space

Real space
W 2n

Phase

=

Figure 6. SPP phase distribution @ for v = 3.5 showing the complex distribution of vortices (white dots) and antivortices (black dots) and the
topology of the parameter space associated with four different paths in real space. The number of loops in parameter space corresponds to the total
topological charge contained by the loop: q = 4 for £;, g = 1 for £, and £L,, and q = —4 for L; since the sense of rotation in phase space is

opposite.

— 28vcos ¢’ + bv
$ L0 )
m=2 m]l+1(p0)

op =

(14)

Since the position dp must be real, we require the imaginary
terms in eq 14 to sum to zero. This yields an expression that is
zero at the angles where the phase ring breaks into phase
vortices

’ s : ]l—m(pO) +]l+m(p0)}
(¢) = @ =0
’ mgl smm { m]l+1(p0) (15)

It is clear that there will always be vortices at ¢’ = 0 and at ¢’
7 as these angles always satisfy eq 15. As we discussed
previously, the topology of the space and the requirement for
phase continuity means that Bessel functions J,(p,) contribute
to the sum in eq 15 only while the index n is less than n < p, ~
I + 1. Because the term J,_,,(p,) depends on [ — m, this requires
m to be summed to at least 2(! + 1) after which the OAM
states contribute little to the sum. The points where v(¢’) is
zero determine the vortex locations. This function is
independent of dv, and thus, we expect the vortices to remain
approximately at the same angular positions as v is varied.

Examples of calculations of the locations of vortices breaking
from the phase ring are shown in Figure S for v =22 and v =
3.2. Again, despite the approximations employed, the angles at
which v(¢) = 0 correspond closely to the positions of the
vortices calculated using eq 5. Moreover, from eq 14, we expect
the vortices to lie inside the original phase ring for —7/2 < ¢’
< 7m/2, or 0 < ¢ < 7, where dp is negative, and outside
otherwise, which is in reasonable agreement with the locations
shown in Figure 5. The expression finds the precise number of
phase singularities as N, = 2(I + 2), where v = [ + dv.

Note that the sign of the winding number of each vortex is
given by the sign of the gradient dv(¢p’)/d¢’ because this
determines the phase change across the vortex relative to the
previous vortex. Again, for purely topological reasons, the
curve can only pass through zero by alternating negative-to-
positive (dv/d¢’ > 0) and positive-to-negative (dv/d¢’ < 0)
transitions, thus enforcing the vortices to have topological
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charges following an alternating +q and —q pattern, as we
observe.

2.2.3. Birth Vortex. The “birth vortex” is the phase
singularity that appears at ¢ = 7/2 on the phase ring and
slowly tracks down to the origin as v varies from one integer |
to the next I + 1 (see, e.g, Figure S and the movie in the
Supporting Information). The properties of such vortices were
observed in optical fields with fractional OAM.” Unlike the
other vortices created at the phase ring that eventually dissolve
into a new phase ring, this vortex remains and combines with
those at the center to increase the topological charge by one.
This would leave the phase ring with a charge of —1 except
that another vortex of topological charge q = 1 breaks away
from the next outer phase ring and joins the inner one, thereby
balancing the topological charge. This mechanism is repeated
for all phase rlngs, effectively out to infinity, as observed in
optical fields.””* This process leaves all phase rings with zero
net topological charge except at the center of the field where
the charge increases by q = 1. This mechanism for fractional
vortices is a physical example of Hilbert’s hotel paradox.”’

The approximate location of this singularity is obtained from
the real part of eq 14 with ¢ = 7/2 or ¢’ = 0,

— &2 + Z ]l+m(p0 ]l m(pO) (16)

M (Po)

From this expression, we see that the “birth vortex” begins at
the phase ring at ar = p, when v = |, and because of the minus
sign —dv, it then moves toward the center as v — [ + 1. From
the point of view of the topology of the SPP phase, a loop
enclosing the [ central vortices maps the phases over the
parameter space [ times. Eventually, however, the birth vortex
crosses the loop causing the mapping to parameter space to
fail, just as with £, in Figure 2, after which the path in
parameter space is covered [ + 1 times, as would be expected
for OAM | + 1.

2.2.4. Topology of Fractional OAM. The local topology of
the parameter space for fractional OAM is complicated
because of the distribution of topological charges with both
positive and negative winding numbers. The phase change
along a loop and therefore the topological charge contained
within the loop depend on the particular path taken in real
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space, as exemplified in Figure 6. Paths that encompass
antivortices, as with £, in Figure 6, result in loops in
parameter space that run clockwise, represented by a negative
winding number. Combining paths together yields a sum of
winding numbers, as is evident with £, and £, in Figure 6.
One can follow path £, to the point where it coincides with
L,, then follow path £, until it coincides again with £, and
then complete the loop back to the starting position. This
process results in g = 3 + 1 = 4. Likewise, combining £, and
L, leads to an enclosed topological charge g = —4 + 1 = 3.

It is possible to choose a path in real space to obtain any
topological charge between — o0 < g < + oo because the
pattern of vortex—antivortex pairs continues to infinity. This is
perhaps unsurprising because the SPP field contains all
possible OAM states, as shown in eq 6. As we discussed
above, the fractional OAM seems not to depend on the
location of the central vortices and the fact that paths can be
chosen to sample any winding number provides further
evidence to support the notion that the value of the fractional
orbital angular momentum has no relation to the locations and
number of the phase singularities.

We are in a position to answer the question regarding how
the topological charge can increase discontinuously by 1, i.e, [
— [ + 1, when the spiral parameter v changes smoothly from v
=1to v =1+ 1. For any sufficiently large path near the center
of the spiral that always contains the central vortices (e.g., £;),
the topological charge is g = [ until the birth vortex crosses the
path and changes the measured parameter space topology.
This will always occur because all central vortices eventually
move inward to the center of the spiral, including the birth
vortex, where they all combine into one singularity. Thus, the
birth vortex will always cross any such path, and the
topological charge about the center will change discontinu-
ously. In addition, as v — [ + 1, the vortex—antivortex pairs
from the phase rings stretch azimuthally and recombine to
form a new phase ring with a net-zero topological charge,
located at p, such that J,;(p,) = 0.

3. DISCUSSION

The presence of many vortex—antivortex pairs for fractional
OAM indicates a complex fractured topology for the SPP field,
which has no definite global winding number, as it depends on
the path taken in real space. Therefore, although all parameters
in the SPP field change smoothly with v, the measure of the
topology within a region always changes discontinuously. Such
behavior of SPP fields with fractional OAM has been observed
in experimental realizations of SPP fields*® using a variety of
methods such as aperture-based phase- and polarization-
resolved near-field scanning optical microscopy (NSOM)*' ~*
and time-resolved methods such as optical pump—probe two-
photon photoemission electron microscopy (2PPE—
PEEM).ZO,Zl,sl

Given the complex nature of SPP fields exhibiting fractional
OAM, we may have foreseen that there would be no direct
correspondence between fractional OAM and the topological
charge. However, more surprising is that the absence of a
direct correspondence between OAM and the topological
charge can occur in fields with integer OAM. Using a
mathematical description of o})tical fields in the paraxial
approximation, Berry and Lie*" recently showed that it is
possible for scalar fields to possess integer OAM but contain
zero topological charge, as well as scalar fields with zero OAM
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having nonzero topological charge. Such theoretical observa-
tions present a challenge in demonstrating these effects
experimentally.

4. CONCLUSIONS

In this work, we have applied methods of algebraic topology to
investigate the phase singularities that are found in surface
plasmon polariton fields exhibiting orbital angular momentum,
as would be created by excitation at the boundary of an
Archimedean spiral. For SPP fields exhibiting integer OAM, we
note the presence of a phase vortex with a phase singularity at
its center that has a topological charge directly related to the
angular momentum of the field. As implied by Berry and Lie,
this is a fortuitous occurrence and such a relationship may not
occur for all SPP fields with integer OAM. For SPP fields with
fractional OAM, we find that there are an infinite number of
phase singularities and we studied the properties of the central-
most ones as the Archimedean spiral gap parameter v
increases. We find that there is no relationship between the
topological charges and the fractional value of the OAM. Our
work shows that using topological charge as a measure of
orbital angular momentum is not always valid.
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